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Fig. 5 Standarddeviationof in situ PSP calibrationerror as a function
of Mach number at AOA = 5 deg.

Fig. 6 Histogram of a unionofall samplesets of in situ PSP calibration
error over the whole range of AOA and Mach numbers.

Kammeyer et al.5;6 found that the histogram of in situ calibra-
tion error was non-Gaussian for the overall set of samples over the
whole range of AOA and Mach numbers. Figure 6 shows the sim-
ulated distribution for an overall set of samples of 1p=pref (a total
of 10,920 samples) over the whole range of AOA and Mach num-
bers, which duplicates the experimental non-Gaussian distribution
given by Kammeyer et al. The Gaussian distribution with the same
standard deviation is also plotted in Fig. 6 for comparison. In fact,
for a union of sample sets having near-Gaussian distributions with
different the standard deviation values at different AOA and Mach
numbers, the distributionbecomes non-Gaussianbecause more and
more samples accumulate near zero when forming the union of the
samplesets. The probabilitydensityfunctionof a unionof N sample
sets is given by a sum of the Gaussian distributions rather than the
Gaussian distribution, that is,
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As shown in Fig. 6, the distribution Eq. (5) correctly describes the
simulated distribution. Note that we should not confuse this case
with the central limit theorem that deals with a sum of independent
random variables. Although the simulation is made for an airfoil
section of a wing, the error for the wing can be estimated by aver-
aging the local results over the full span of the wing. The behavior
of the error for the wing should be similar to that for the airfoil.

Conclusions
In situ calibrationuncertaintyof PSP on the Joukowsky airfoil in

subsonic � ows is dominated by the temperature effect of PSP and
the illumination change on surface due to model deformation, and
therefore, it depends on AOA and Mach number. For a given AOA
and Mach number, the probabilitydensitydistributionof errorsof in
situ calibrationconductedon the airfoil is near-Gaussian.However,
the distribution becomes highly non-Gaussian for a union of all of
the sample sets over the whole range of AOA and Mach numbers,
which can be described as a sum of the Gaussian distributions.The
simulation is consistent with the experimental results obtained by
Kammeyer et al.5;6
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I. Introduction

A NALYSIS of � utter and buckling of beams has long attracted
attention in the applied mechanics community. The mathe-

matical solutions for the critical force of a beam with different
boundary conditions subjected to a nonfollower compression were
given in the monograph by Timoshenko and Gere.1 In addition,
� utter analysis of a cantilever beam was also brie� y conducted in
the monograph. Beam buckling is an instability phenomenon re-
ferring to change of equilibrium state from one con� guration to
another one at a critical compressionvalue. On the other hand, � ut-
ter is another type of beam instabilitywhen the vibration amplitude
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caused by initial disturbance grows without limit. This is usually
because of the presence of a follower force applied to the beam
structures.

It was Beck2 who � rst solved the � utter instability of beam
problem in view of dynamic analysis. Since then, the � utter of
beams received considerable interests. The in� uence of an elas-
tic support on the vibration and stability of a nonconservatively
loaded was studied by Sundararajan.3 In his paper the transition
value of the translationalspring at the free end of a cantilever beam
was derived, and the coexistence of � utter and buckling in a sys-
tem was � rst observed. Wang and Quek4 investigated the poten-
tial of the piezoelectric materials in the enhancement of the � ut-
ter and buckling capacity of the beam just studied. The shift of
the transition value of the spring stiffness was found when apply-
ing piezoelectric layer for the buckling and � utter control of the
structure.

Cracksoccurringin structuralelements,suchas beamsand plates,
affect the dynamic characteristics of structures. The understanding
of the effect by the cracks is essential in the design of structures.
For example, the study of the crack effects on the reductions of
frequencies has led to the identi� cation and detection of cracks.5

The models of cracked beams have been proposed and applied to
various engineering problems by many researchers. Dimarogonas6

developeda generalmethod to identify all of the possibledirect and
coupling spring effects for a prismatic beam with a surface crack.
Papadopoulos and other researchers have investigated the coupling
effecton structurescausedby thepresenceof cracks.7 They modeled
crackswith local � exibilitymethodand derivedthe � exibilitymatrix
based on linear elastic fracture mechanics.

This Note concerns the region of � utter and buckling for a
cracked-beam structure subjected to a follower force. The beam
is � xed at one end and elasticallysupportedat the other end. The re-
sults from the crackedbeam studiedherein are comparedwith those
for the “healthy”(uncracked) beam studiedbefore.3;4 The coexisted
instability phenomenon of the cracked-beam structure caused by
elastic support is interesting in the � eld of structural stability and
dynamics, as the understandingof the instabilitynature of a cracked
structure will be helpful for its stability design. Therefore, the re-
sults are useful for the designand controlof structureswith potential
cracks.

II. Region of Flutter and Buckling
in the Cracked Beam

A crackedbeam structureunder a follower force P at its right end
is shown in Fig. 1a. This beam is � xed at the left end and supported
at the right end by a translational spring with stiffness value k. The
beam of thicknessh and length L is isotropicwith Young’s modulus
E . A vertical crack, with depth h1 , is located at a distance L1 from
the left end of the beam. Let x denote the coordinatealong the beam
lengthwith its originat the left endandu thebeamde� ectionde� ned
to be positive downward.

The presence of a crack can be represented by a discontinuity in
the slope at the location of the crack.8 The total change of the slope
of the beam at x D L1 and the continuity of the de� ection, rotation,
and the shear, at the crack location are modeled as
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where u1.x/ and u2.x/ represent the de� ection � eld of the beam
for the domains of 0 < x < L1 and L1 · x < L , respectively. The

Fig. 1a Cracked beam � xed at one end and elastically supported at
the other end.

Fig. 1b Relation of the crack thickness and the additional � exibility
parameter.

parameter2 represents the additional � exibilityof the beam caused
by the crack shown here:

2 D 6¼ H

Z Na

0

£
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15. Na/
¤
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where a D h1=h and F15.a/ is a correction function for stress inten-
sity factor corresponding to a beam structure, given by
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The region of the � utter and buckling of the cracked beam will
be studied by � nding the critical value of spring stiffness k above
which the buckling capacity of the beam can exist. The beam under
the follower force P is governed by the following equation:

EI
d4u.x/

dx4
C P

d2u.x/

dx2
D 0 (4)

for which the general solution can be expressed as

u1.x/ D A1 cos ¸x C A2 sin ¸x C A3x=L C A4; 0 < x < L1

(5)

u2.x/ D B1 cos¸x C B2 sin¸x C B3x=L C B4; L1 · x < L

(6)

The boundary conditions of the cracked beam are shown here:

u1.0/ D 0 (7a)
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D 0 (7b)
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Substituting the boundary conditions in Eqs. (7a) and (7b) into
Eq. (5) yields

u1.x/ D A1.cos ¸x ¡ 1/ C A2.sin ¸x ¡ ¸x/ (9)

Similarly, u2.x/ can be expressed in terms of B1 and B4 by substi-
tuting Eqs. (8a) and (8b) into Eq. (6) as follows:

u2.x/ D B1

³
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The region of the � utter and buckling of the cracked beam will be
derived by solving an eigenvalue problem by substituting Eqs. (9)
and (10) into the discontinuityof the rotationat the crack cite shown
in Eq. (1) and the continuity conditions of the de� ection, moment,
and shear at the crack site, shown in Eqs. (2a–2c).

Finally the buckling equation for the cracked beam can be
obtained as shown here involving the nondimensional parameter
Nk D kL3=EI:
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C 2
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³
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Let the critical value of Nk be Nkc; the regions of � utter and buckling
of the beam can be classi� ed as follows:

1) If Nk < Nkc , � utter instability of the cracked beam is possible.
2) If Nk ¸ Nkc , buckling instability of the cracked beam is possible.

Under the following two cases, Eq. (11) can be reduced to the solu-
tion 1 ¡ ¸L= tan ¸L C.¸L/3= Nk sin ¸L D 0 from which the transition
value is Nkch D 34:85 derived by Sundararajan3:

1) 2 D 0, that is, there is no crack.
2) L1 D L , that is, the crack is at the right end, and hence has no

effect on the beam.

III. Numerical Results and Discussion
Next, numerical study is conducted pertaining to the region of

the � utter and buckling of the cracked beam. Figure 1b presents
the additional � exibility of the beam, 2 in Eq. (1), vs the ratio of
the thickness of the surface-through crack to the beam thickness,
a D h1=h.

The transition value Nkc vs the crack location at different values
of a D h1=h is plotted in Fig. 2a. It is observed that Nkc is small
compared with that of the healthy beam, that is, Nkch D 34:85, when

Fig. 2a Critical stiffness of the spring vs the location of the crack L1/L.

Fig. 2b Mode shape for curvature of the buckling beam.

the crack is located at L1=L < 0:45. For example, the solution gives
Nkc ¼ 26 when L1=L D 0:05 and a D 0:45. When the crack is located
at L1=L ¸ 0:45, Nkc is always bigger than the correspondingvalueof
thehealthyone, that is, Nkch D 34:85.However,thisvalueconvergesto
Nkch at L1=L D 1. Another investigationis that the higher the intensity
of the crack is, the bigger difference is found for the transitionvalue
of the spring stiffness from Nkch.

Two critical locations of the crack, L1=L ¼ 0:45 and L1=L D 1,
are found from the preceding study based on Fig. 2a. At these
two locations the transition value Nkc is almost equal to Nkch . This
observation can be explained from Fig. 2b, which depicts the
mode shape for the curvature of the cracked beam. It is found that
when crack is located at L1=L ¼ 0:45 or L1=L D 1 the curvature
of the buckling beam is zero at the crack location and, accord-
ing to Eq. (1), the discontinuity in rotation at the crack location
vanishes.

IV. Conclusions
The Note studies the region of the two distinct instability forms,

namely, � utter and buckling, for cracked beams. The numerical re-
sults show that the transition value of the elastic spring at the right
end of the beam in Fig. 1a is smaller that the value for the healthy
counterpart when the crack is located at L1=L < 0:45, but the con-
verse is true when L1=L ¸ 0:45. In addition, the transition value
remains the same as that for the healthy beam when the crack is lo-
cated at two speci� c locations, that is, L1=L ¼ 0:45 and L1=L D 1.
Further research will be focused on the stability analysis of the
cracked structures by higher-order models of beam and /or � nite
element methods to increase the accuracy of the results. In addition,
experimentalresultsare expectedto comparedifferentcrack models
in deriving the results in the Note as well.
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